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I. INTRODUCTION
In supercell calculations, the total energy of the system is calculated by sampling the Brillouin zone ͑BZ͒. However, the computational load grows linearly with the number of k points, and two wave functions with similar wavevectors on a given band are expected to be very similar. 1 Thus, in order to minimize the computational effort, the eigenvalues and eigenfunctions are calculated on special sets comprised of a finite number of k points which are expected to be representative of the entire BZ. In the past, much effort has been devoted to developing an efficient set of k points that accurately describe the total energy and minimize the errors in the BZ sampling. [2] [3] [4] In particular, the uniform k-point mesh approach suggested by Monkhorst and Pack 4 ͑MP mesh͒ has been widely used in calculations of various solid state systems. For a given supercell, the total energy always converges as the density of the MP mesh is increased. Makov et al. 5 introduced an alternative scheme for sampling the BZ, in which the mesh depends on the lattice type. This sampling scheme has been shown to give faster convergence of the total energy using less k points for several systems. 6, 7 Among the many BZ sampling schemes developed for defect systems, the most popular approach is to use the ⌫-point only with sufficiently large supercells. ⌫-point sampling offers additional saving in computational resources because the wave functions are purely real. For small supercells, however, ⌫-point sampling is insufficient to represent the whole BZ, and the total energy is quite different from that calculated using denser meshes. Nevertheless, ⌫-point sampling has been used in many calculations based on the belief that systematic errors in total energies will tend to cancel out if the supercell sizes are the same. However, it has been reported that the errors do not cancel for some systems. For instance, the error caused by ⌫-point sampling does not cancel for silicon vacancy 5 and interstitial 8 defects when taking the energy difference between defect-containing and perfect-crystal supercells. In addition, in ⌫-point sampling of substitutional chalcogen defects in a silicon 54-atom supercell, the minimum in the plot of relative total energy versus the displacement of the chalcogen atom was erroneous. 9 The reconstruction energies of p͑2 ϫ 1͒ and p͑2 ϫ 2͒ Si͑100͒ surfaces calculated using a supercell with 12-atom layers resulted in errors of more than 3 eV when ⌫-point sampling was applied for the in-plane BZ, as shown by comparing the results to those obtained using the 2 3 MP mesh. 10 The formation energies of various self-interstitials in a silicon 16-atom supercell showed errors of about 1 eV for ⌫-point sampling compared to 2 3 MP sampling. 11 Thus, the energy convergence of k-point meshes must be examined carefully, even with regard to the energy difference between very similar systems.
In addition to the total energy, atomic relaxation also depends on the BZ sampling density. It has been reported that atomic relaxation strongly depends on the k-point sampling, as relatively small errors in the total energy can lead to sub- stantial errors in the atomic forces. 12 For example, Puska et al. 7 observed that the symmetry of the nearest neighbor atoms around a vacancy in silicon 32-, 64-, and 128-atom supercells depended on the k-point sampling. In addition, Clark and Ackland 13 found that, using a 64-atom silicon interstitial supercell, the calculated atomic forces at the ⌫-point did not converge sufficiently to give a reliable defect structure. Further, in calculations using amorphous silicon supercells in the range of 32 to 54 atoms, ⌫-point sampling led to significant errors in the atomic forces. These errors meant that an amorphous structure was obtained after simulated annealing by molecular dynamics, whereas equivalent calculations using 2 3 MP sampling gave a crystalline structure. 12 In supercell calculations, consideration should be given not only to the convergence of the total energy with increasing BZ sampling density for a given supercell, but also to the supercell size dependence for well-converged k-point meshes. We have discussed the supercell size effect on the total energy of charged systems in an earlier paper. 14 In the present study we investigate the k-point sampling effects on the formation energy and atomic relaxation of vacancies and interstitials in diamond and silicon for several supercell sizes up to 500 atoms and for various charge states.
II. COMPUTATIONAL METHODS
Our calculations were performed within density functional theory ͑DFT͒ using the fully self-consistent ab initio package SIESTA. 15 The spin polarized generalized-gradient approximation ͑sp-GGA͒, in particular the functional of Perdew, Burke, and Ernzerhof ͑PBE͒, 16 was used for the exchange-correlation energy. Only valence electrons were considered using numerical atomic orbitals, and their interactions with core electrons were modeled as normconserving scalar-relativistic pseudopotentials including nonlinear partial-core corrections. The real-space mesh grid was determined by the maximum kinetic energy of the plane waves ͑100 Ry͒. The electronic iterations were continued until the total energy differences between consecutive steps are smaller than 10 −5 eV. The atomic geometries were relaxed until the largest atomic force was less than 10 meV/ Å by means of a conjugate gradient scheme.
For the BZ integration, we used n ϫ n ϫ n MP meshes that always included the ⌫-point. We studied 2-, 8-, 16-, 32-, 64-, 128-, 216-, and 432-atom supercells, which have simple cubic ͑SC͒, face-centered cubic ͑FCC͒, or body-centered cubic ͑BCC͒ lattice symmetries depending on the supercell. First, the 2-atom perfect supercell was tested for convergence of the total energy with increasing n. We found that the total energy had fully converged for the 8 ϫ 8 ϫ 8 MP k-point set.
For larger supercells, we estimated the mesh parameter p =8͑⍀ 2 / ⍀ N ͒ 1/3 giving the same BZ sampling density as in the 8 3 k-point set of the 2-atom supercell ͑⍀ 2 /8 3 ͒, where the BZ sampling density is defined as the reciprocal lattice volume per k-point ͑⍀ N / p 3 ͒. The optimal Monkhorst-Pack parameter n was defined as the nearest integer of p; hence the actual BZ sampling density, ⍀ N / n 3 , can show a small deviation. The BZ sampling densities of the 64-and 216-atom supercells were smaller than those of the other supercells.
For the 432-atom supercell, ⌫-point sampling does not seem to be sufficient from the viewpoint of BZ sampling density; however, it was used due to computational limitations. Table  I lists the lattice symmetry, the reciprocal lattice volume of the N-atom supercell ͑⍀ N ͒ relative to that of the 2-atom supercell ͑⍀ 2 ͒, the values of p and n, and the corresponding BZ sampling densities. Recently, Probert and Payne 17 suggested that a BZ sampling density of ഛ0.104 Å −1 is required for the convergence of the vacancy formation energy with a tolerance of 0.01 eV for silicon. This sampling density was scaled to 0.021 Å −3 for our system. The numerical atomic orbitals offer efficient basis sets because the number of basis functions needed is usually quite small. 15, 18 However, they lack the systematics for testing the convergence of the basis set. The electronic configuration of atomic carbon in the ground state is s 2 p 2 ; hence a single ͑S͒ zeta ͑Z͒ function for the s orbital and another for the p orbital is the minimal basis set ͑SZ͒. We investigated the effect of increasing the basis set to double ͑D͒ and triple ͑T͒ zeta basis sets, and of including single ͑P͒ and double polarization ͑DP͒ orbitals for the d orbitals.
To determine the optimal basis set, we calculated lattice constant, bulk modulus and its derivative, band gap, and cohesive energy of bulk diamond using a series of basis sets; the calculation results are summarized in Table II 
III. RESULTS AND DISCUSSION

A. Band structure
To estimate the required density of k points, we investigate the eigenvalue dispersion along k. The band structures of the unrelaxed neutral vacancy and interstitial defects in diamond for the 128-atom supercell, plotted in Fig. 1 , indicate that the eigenvalues vary considerably in k space. For the vacancy, the lowest eigenvalue in the valence band and the t 2 -defect levels change along ⌫ to X by 0.52 eV and 0.58 eV, respectively. The band structure of the interstitial shows the flat band corresponding to the s orbital of the interstitial atom at the bottom of the valence band. The dispersion energies of the second-lowest eigenvalue and t 2 -defect level are 0.27 eV and 0.49 eV, respectively. The dispersion energy of the t 2 -defect level decreases with increasing supercell size, as shown in Table III . Considering the dispersion of eigenvalues along k, more than one k point would be required to accurately calculate the total energy and wave functions. The total valence band widths are 20.82 eV and 20.81 eV ͑22.74 eV including the lowest band resulting from the interstitial s orbital͒ for the vacancy and interstitial, respectively. For bulk diamond, the calculated band width is 21.1 eV. ͑The experimental band width is 23± 0.2 eV. 24,25 ͒ Thus the bandwidths of the defect-containing supercells are smaller than that of the bulk supercell.
B. Dependence of formation energy on k-point sampling
To investigate the k-point sampling effect on the total energy, we calculate the total energy difference per atom between the ⌫-point and 2
3 MP sampling methods:
where E tot q is the total energy of an N-atom supercell with a charge state q. The results of the calculations for vacancies and interstitials in diamond are plotted in Fig. 2 for the possible charge states of +2 , + 1, 0, −1, −2, −3, and −4. For all of the charge states, the total energies calculated by ⌫-point sampling are higher than those calculated by 2 3 MP sampling. ⌬E tot q / N increases with decreasing supercell size for all charge states of both defect types, which is consistent with the fact that the dispersion of eigenvalues is larger for smaller supercells. It is notable that the k-point sampling error varies considerably depending on the type and charge state of the defect, even for systems with the same supercell size. For the 128-atom supercell, for instance, ⌬E tot q / N is 0.050, 0.065, 0.059, and 0.049 eV for V +2 , V −4 , I +2 , and I −4 . The total energy difference decreases as the vacancy becomes more positively charged and the interstitial becomes more negatively charged, i.e., the difference is inversely proportional to the electronic perturbation of the defect system relative to the perfect bulk system. This difference in the total energy should also be reflected in the formation energy. Since the formation energy is related to the total energy of the bulk supercell, it is important to investigate the k-point sampling error of the defect system relative to that of the perfect bulk system. As seen in Fig. 2 , the k-point sampling error in the total energy of the perfect bulk system is closest to that of the defect system with the least perturbation. Therefore, the k-point sampling error in the formation energy would be expected to increase as the electronic configuration of the defect system is increasingly perturbed from that of the bulk.
To investigate the ⌫-point sampling error in the formation energy, the values of the formation energy difference, ⌬E f q ͑N͒, are calculated for various supercells with charge state q ͑Fig. 3͒, where
The formation energy E f q is given by
where E tot q is the total energy of the defect-containing system made up of N atomic species, with atomic chemical potential . We use the valence band maximum of bulk supercell as E V for all the systems.
As expected, the k-point sampling error in the total energy is reflected in a considerable error in the formation energy, as shown in Fig. 3 . As in the error in the total energy, the error in the formation energy also depends on the defect type and charge state. For the 128-atom vacancy supercell, the error in the formation energy is about 1.6 eV for V +2 and then decreases as the charge state becomes more negative. On the other hand, the error for the interstitial system is largest for I −4 by about 1.8 eV and decreases as the charge state becomes more positive. The ionization levels, given in Table IV , also change considerably depending on the k-point set. Since the k-point sampling error in the formation energy varies depending on the charge state, it should remain in the ionization levels without systematic cancellation even for the same size of supercell. In the 216-atom supercell, for example, the ionization level errors of V +2 / V +1 and I 0 / I −1 are about 0.3 eV and 0.2 eV, respectively.
To understand the origin of the ⌫-point sampling error dependence on the charge state and the defect type, we investigate the electronic structure in detail by examining the standard deviation of the density of states D͑E͒,
If each eigenvalue varies more ͑less͒ in k space, then 2 will be smaller ͑larger͒ and the total energy will converge more slowly ͑quickly͒ with increasing BZ sampling density, which will result in a larger ͑smaller͒ ⌫-point sampling error. Figure 4 shows a strong correlation between the ⌫-point sampling error in the total energy and 2 ; the order of 2 is the opposite of that of ⌬E tot q / N. When the symmetry of the perfect crystal is reduced by defects, impurities, or lattice distortions, the extent of electronic delocalization will be reduced, and the resulting localization of electronic states should lead to an increase in 2 . Indeed, as seen in ration from the bulk configuration ͑more positive charge state for vacancies and more negative charge state for interstitials͒. To confirm this trend, we performed calculations for a diamond structure containing a divacancy using a 64-atom supercell, a system whose symmetry is lower than that of the monovacancy system, and found that the total energy difference between the ⌫-point and 2 3 MP samplings was smaller than that of the monovacancy system.
In addition to diamond supercells, we also studied silicon supercells. Similar to the case of diamond, the k-point sampling error in the total energy of the silicon system decreases with increasing perturbation of the electron density. These noncancelling k-point sampling errors are transferred into the formation energy, as can be seen in the 128-atomsupercell data presented in Fig. 5 . E f q ͑⌫͒ is smaller than E f q ͑2 3 ͒ for all the charge states ͑data not shown͒. The noncancelling k-point sampling error of ⌬E f q can be explained by the standard deviation of D͑E͒, as shown in the inset in Fig. 5 . In addition, the ionization levels are listed in Table V . The ⌫-point method gives particularly large errors for the values related to the positive charge states of vacancies. It erroneously stabilizes V +2 and V +1 which could not be thermodynamically stable in the range of the band-gap for 2 3 MP sampling.
C. Dependence of atomic relaxation on k-point sampling
For vacancies in diamond, we investigate the defectinduced atomic relaxations for various charge states. For all the supercells considered, the outward relaxations of the four atoms around the vacancy ͑first-shell atoms͒ conserve the T d symmetry. The change of volume ͑⌬V͑N , k͒ = ͑V͑N , k͒ − V 0 ͒ / V 0 ϫ 100% ͒ of the tetrahedral structure defined by the first-shell atoms is calculated using the ⌫-point and 2
3 MP samplings. For the 216-atom supercell sampled using the 2 3 MP mesh, the tetrahedron volume is expanded relative to the initial unrelaxed volume by 73.5%, 61.1%, 50.7%, and 43.4% for the +2 , + 1, 0, and −1 charge states, respectively.
The difference between ⌬V͑N , ⌫͒ and ⌬V͑N ,2 3 ͒ as a function of charge is plotted in Fig. 6 for several supercells. In most cases the relaxed tetrahedron volume is larger for ⌫-point sampling and becomes much larger as the charge state becomes more negative. The large volume relaxation in the ⌫-point sampling can be explained by the electron configuration in the defect level. Triply degenerate eigenstates of the t 2 -defect level at ⌫-point split into three levels with different energies at other k points. The dispersion energy of the split eigenvalue is over 0.5 eV along ⌫ to X for the 128-atom supercell, as shown in Fig. 1 . The triply degenerate wavefunctions at the ⌫-point overlap in space, whereas the split wavefunctions at other k points are separated. Therefore, the defect-related electrons at the ⌫-point will feel a stronger repulsion than those at other k points, and hence will have a greater tendency to move away from each other. Consequently, the tetrahedron volume calculated by ⌫-point sam- pling is larger than that calculated by 2 3 MP sampling. This repulsive force becomes stronger as the electron density in the defect level increases; hence the tetrahedron volume difference between the ⌫-point and 2
3 MP samplings increases as the charge state becomes more negative.
The importance of BZ sampling density has also been emphasized in respect to the finite-temperature properties of amorphous materials. Drabold et al. 12 found that the ⌫-point method leads to a spurious minimum in the configurational potential energy of the amorphous silicon system, and concluded that the unphysically small restoring force on the silicon atoms ͑i.e., the force that favors their return to their initial diamond structure positions͒ results in an erroneously strong diffusion.
IV. CONCLUSIONS
The dependence of the formation energy and atomic structure on the BZ sampling density have been investigated for vacancy and interstitial defects using DFT. It has been generally believed that the systematic error induced by use of too small k-point set would cancel out for systems of similar or identical size. However, we find that the systematic errors in the total energy and atomic relaxation of a defect do not cancel, and that they vary considerably depending on the charge state and defect type, even for the same size of supercell. The non-cancelling k-point sampling error in the total energy is transferred to the formation energy, and consequently seriously affects the prediction of thermodynamically stable states and ionization levels. The k-point sampling error in the total energy increases as the number of electrons in the system approaches that in the bulk, while the error in the formation energy decreases.
We analyze quantitatively the origin of the k-point sampling error by examining the standard deviation of D͑E͒. Based on these results, we conclude that the symmetry reduction associated with the presence of a defect induces the localization of electronic states, causing the k-point sampling error to become smaller for more disordered structures.
The BZ sampling density affects not only the energetics but also the atomic forces, which in turn affect the atomic structure and molecular dynamics trajectories. We investigate the vacancy system of diamond, in which atoms neighboring the vacancy undergo considerable outward relaxation. The ⌫-point method gives erroneously large atomic relaxations due to the strong repulsion between electrons in degenerate defect levels, and this error increases in proportion to the number of electrons in the defect level.
